Kaluza-Klein Theory and Lorentz Force Geodesics

Jay R. Yablon®

910 Northumberland Drive
Schenectady, New York, 12309-2814

Abstract:

We examine a Kaluza-Klein-type theory of classical electrodynamics and
gravitation in a five-dimensional Riemannian geometry. Based solely on the condition that
the electrodynamic Lorentz force law must describe geodesic motion in this five-
dimensional geometry, it appears possible to place all of Maxwell’s electrodynamics, the
theory of electrodynamic potentials, and the QED action on a solid geometrodynamic
footing, in vacuo, for weak and strong electro-gravitational fields. We make no choice as
between the fifth dimension being timelike or spacelike, but simply point out the impact in
those places where this choice makes a difference. In the end, we deduce the Maxwell

stress energy tensor, and in the process, learn that this fifth dimension must be spacelike.
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1. Introduction

The possibility of employing a fifth spacetime dimension to unite classical gravitation
and electrodynamics has intrigued physicists for almost a century. [1], [2] Early theorists
became perhaps overly-occupied with making assumptions about the scale or topology of the
extra coordinate dimension. [3] Following the path of Wesson and other current-day theorists
[4], we seek here to expose the main features of Kaluza- Klein theory irrespective of any
particular model, and most importantly, to make the connection between Einstein’s gravitation
and Maxwell’s electrodynamics which some have looked to 5-dimensional theories to provide,
as clear and solid as possible, and as independent as possible of the detailed choice of model.

Most fundamentally, we adopt the view of the above-noted theorists that matter and
electrodynamic charge are “induced” in the observed four dimensions of spacetime, from a
vacuum in five dimensions, and so, in keeping with the spirit of Wheeler’s program, [5] are of
completely geometrodynamic origin. Particularly, we seek to show how classical

electrodynamics emerges entirely from an Einstein-Hilbert Action of the general form

S = iJ-RdV where R is a suitably-defined Ricci curvature scalar, integrated over a suitable
multidimensional spacetime volume, and x = 87zG/ c* is the constant from Einstein’s equation

atter

—&T*, =R", —1J8“/R. The reader will observe that this omits any Lagrangian density £,
of matter, i.e., that it is not of the form § = J‘(Tl’f R+ £,...)dV and so is in the nature of action

equation for the vacuum.[6] In different terms, we seek to induce the entirely of Maxwell's
electrodynamics with sources, as well as the Maxwell stress-energy tensor, out of a
gravitationally-based vacuum.

The main line of development will be deduced, based on a single proposition: we shall
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require that the Lorentz force of electrodynamics, m = =qgF*;
T

, must be represented as

fully geodesic motion in the five-dimensional geometry.
The foundation of this effort will be a five-dimensional Riemannian geometry, without
any changes or enhancements, which merely extends the entire apparatus of gravitational theory

into one more dimension. In five dimensions, we employ g, = g\ With uppercase Greek



indexes M,N =0,1,2,3,5 for the metric tensor, so g P with lowercase u,v =0,1,2,3 is the
ordinary metric tensor in the spacetime subspace. Inverses are defined in the usual manner
according to g" g, ="'~ and so g™ and g, raise and lower indexes in the customary

manner, but must be applied over all five dimensions to achieve proper five-covariance. The

covariant derivative of the metric tensor g,,.» =0, as always.

While most authors who still study Kaluza-Klein theories treat the fifth dimension as
spacelike and a few have considered this to be timelike, e.g., [7], [8], [9], we shall approach the

fifth dimension as independently of this choice as possible. Where this choice does make a

difference, we shall point this out. If we define g, =7 + ;hMN in the usual manner with

K= 167G/ e’ | then for the weak-field limit g, — 7, - If the fifth dimension is timelike,
diag(?]MN )=(+1,-1,—-1,—1,+1); if it is spacelike, then diag(?]MN )=(+1,-1,-1,—1,—1). In either
case, 7 =0 for M # N . Note that the constant x in Einstein’s equation

—&T*, =R", =% 8" R is related to the foregoing &, with fundamental constants restored, by

_2 . . . . -
K= %hcl( = 87ZG/ ¢* , with the overbar used to distinguish these two constants x,x. The

constant k& will appear frequently in the various equations herein.
At the every end, see equations (10.13) and (10.14) infra, in the course of establishing the

Maxwell stress-energy tensor, we will deduce that this fifth dimension must be spacelike.

2. Geodesic Motion in Five Dimensions, and the Lorentz Force

We start by maintaining the usual interval in the 4-dimensional spacetime subspace,

using dz° =g wdx*dx” , and define the five-space interval as:

dT? = gypdx™Mdx™ = g, dx"dx" + g5, dx’dx” + g ,sdx"dx’ + g sdx’dx’ o1
=dr’ +2g,,dx’dx’ + g dx’dx’ ' '
The above is independent of whether the weak field g, — 7755 = %1, i.e., of whether the fifth

dimension is timelike or spacelike, and is generally model-independent.

Like any metric equation, (2.1) can be algebraically-manipulated into:



dx™ dxN
I=gun >
dl dT

(2.2)

which is the first integral of the equation of motion. In five dimensions, we specify the

Christoffel connections in the usual manner, that is, Iy =1 g™ (g ar1T T 81ax — &s1a ), hence
I'™sr =Tz, Asnoted, we employ gy, =0 as usual, with the usual first rank covariant

derivative AMy =AMz +TMxA*. We then take the covariant derivative of each side of (2.2)
above, and after the usual reductions employed in four dimensions, and multiplying the result

through by dT?/dz?, we arrive at a five-dimensional geodesic equation which bears an exact

resemblance to the four-dimensional gravitational equation:

2.M X T
S 2.3)
dt dt drt

The above contains five independent equations. We are interested for now in the four

equations for which M = x, which specify motion in ordinary spacetime:

2 u L 5T
L T -y (2.4)
dt dr drt

This expands, using the metric tensor symmetry g, = &y O:

2 U o T 5 o 5 5
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drt dr drt drt drt dr dr

Now, let us contrast (2.5) above to the gravitational geodesic equation which includes the
Lorentz force law, namely, equation (20.41) of [10]:

dzxﬂ+F” dx® dx* q ., dx° _

dr’ dr dr m ° dr

0. (2.6)

We now take a critical step: We require that the Lorentz force as expressed above, must
be represented as nothing other than geodesic motion in the five-dimensional geometry. The
first two terms in (2.5) and (2.6) are identical, and they specify geodesic motion in an ordinary

gravitational field absent any electrodynamic fields or sources. The absence of any mass or



charge in the first two terms captures the Galilean principle of equivalence, and further expresses
Newtonian inertial motion in a gravitational field via the Christoffel connections I'*5 .

If we require the Lorentz force to also be fashioned as geodesic motion through
geometry, then we can do so by defining the third terms in (2.5) and (2.6) to be equivalent to one

another, and the fourth term in (2.5) to be zero. Therefore, we now define:

dx’ dx° __4 dx®

2T 56 — —-=F* s and (27)
dr dr m drt
I'ss=0. (2.8)
. . . p . . L dxdx
One might wish to consider I'*ss #0, in which case I'“ss d_d_ in (2.5) would become an
T drt

additional term in the Lorentz force law, but in the absence of experimental evidence for any
deviations from the Lorentz force law, we shall proceed on the basis of (2.8).

The relationships (2.7) and (2.8), ensure that Lorentz force motion is in fact, no more and
no less than geodesic motion in five dimensions. All else through the middle of Section 8 will be

deduced from (2.7) and (2.8).

3. Placing the Lorentz Force on a Geometrodynamic Footing as Geodesic Motion
Now, let us focus on equation (2.7). We can divide out dx"/ dt from (2.7), and then

write the remaining terms as.

4 dx’ I ., q
26 ——=—|—F"s—, (3.1
drt fic m

where we have explicitly restored 7 =c=1. Now, we separate the proportionalities
dx’ / dt o< g/m and 2I'ss < —F*5, and turn the proportionalities o< into equalities by restoring
their dimensional and numeric constants, starting with the former proportionality.

Irrespective of whether the fifth dimension is timelike or spacelike, we take dx’ to be
given in dimensions of time, so that dx’/d7 is a dimensionless ratio. In the event that the fifth

dimension is spacelike, one need merely divide through by c¢. In rationalized Heaviside-Lorentz

units, the electric charge strength g (for a unit charge such as the electron, muon and tauon) is



related to the dimensionless (running) coupling & = ¢° / 4mhc which approaches o — 1/137.036
at low energy. The value of @ is the same in all systems of units but the numerical value of ¢q is
different, so it is imperative that the exact expression for dx’ / dt o< g/m be based on & rather

than ¢, and be independent of where the 4z factor appears. Further, to match dimensions with

Jhc the mass m needs to be multiplied by a factor of JG . Taking all of this into account, we

now define:
o' __tVhea_ 1 1 g 1 24 52
dt bJGm  b4rG m hed bkm’ '

where b is a dimensionless, numeric constant of proportionality that we are free at this moment

to choose at will, which we will carry throughout the development, and which will ultimately be

deduced to be b* =8 when we obtain the Maxwell stress-energy tensor, see equations (10.13)
and (10.14) infra. The equivalence between the first two terms is independent of the system of

units but the terms containing ¢ are in Heaviside-Lorentz units.
Then, we substitute (3.2) into (3.1) to obtain:

5o =LbxF s . (3.3)

The definitions (3.2) and (3.3), together with I'“ss =0 from (2.8), when substituted into (2.5),
turn the five-dimensional geodesic equation (2.5) into the Lorentz force law, and places this

electrodynamic motion onto a totally-geometrodynamic footing. Of course, (3.3) is of further
value, because it also relates the mixed field strength tensor F*5 to the extra-dimensional
connection components I'“s,, and this will lead to numerous other results. Although the ™yt
are not themselves tensors in general, (3.3) does suggest that that particular components I'“ss do
transform in the same way as the mixed tensor F*,, multiplied by a the constant factor k. This
“suggestion” is formally validated by the result (6.4), infra.

The question of whether the foregoing are fair suppositions, now rests on the correctness

and sensibility of the deductions to which they lead.



4. Timelike versus Spacelike for the Fifth Dimension, and a Possible Connection to
Intrinsic Spin

The results above are independent of whether the extra dimension is timelike or
spacelike. In this section, we make a brief digression to examine each of these alternatives in a
very basic way. This section can be safely skipped by the reader wishing to proceed straight into

the main line of development.
Transforming into an “at rest” frame, dx' =dx” =dx’ =0, the spacetime metric equation

dt’ = g, dx"dx" reduces to d7=%,/g, dx", and (3.2) becomes:

- 4.1)

For a timelike fifth dimension, x° may be drawn as a second axis orthogonal to x°, and
the physics ratio ¢g/m (which, by the way, results in the g/m material body in an
electromagnetic field actually “feeling” a Newtonian force in the sense of F'=ma due to the
inequivalence of electrical and inertial mass) measures the “angle” at which the material body

moves through the x”,x°

time plane.”
For a spacelike fifth dimension, where one may wish to employ a compactified, hyper-

cylindrical x” = R¢ (see [11], Figure 1) and R is a constant radius (distinguish from the Ricci

scalar by context), dx’ = Rd¢. Substituting this into (3.2), leaving in the * ratio obtained in

(4.1), and inserting c¢ into the first term to maintain a dimensionless equation, then yields:

Rd¢ 4 Il Vhacar

1 1 ¢
— +— -. 4.2
5 (4.2)

cdt __E \/Em - N4nG m

We see that here, the physics ratio ¢/m measures an “angular frequency” of fifth-dimensional

rotation. Interestingly, this frequency runs inversely to the mass, and by classical principles, this
means that the angular momentum is independent of the mass, i.e., constant. If one doubles the
mass, one halves the tangential velocity, and if the radius stays constant, then so too does the
angular momentum. Together with the *+ factor, one might suspect that this constant angular

momentum is, by virtue of its constancy independently of mass, related to intrinsic spin. In fact,



following this line of thought, one can arrive at an exact expression for the compactification
radius R, in the following manner:

Assume that x’ is spacelike, casting one’s lot with the preponderance of those who study
Kaluza-Klein theory. In (4.2), move the ¢ away from the first term and move the m over to the
first term. Then, multiply all terms by another R. Everything is now dimensioned as an angular
momentum m - v - R, which we have just ascertained is constant irrespective of mass. So, set this

all to =4 n#, which for n =1, represents intrinsic spin. The result is as follows:

3
Rdgp_glihcay 1 ¢ posluy 4.3)
dr b JG b J4nG 2

Now, take the second and fourth terms, and solve for R with n=1, to yield:
b Gh b
R=——,—=—+~1L,, 4.4)
WalVled 2Ja "

where L, = Gh/ ¢’ is the Planck length. This gives a definitive size for the compactification
radius, and it is very close to the Planck length. (Keep in mind that we will eventually find in
(10.13) infra that 5> =8, so (4.4) will become R = pr/m .) What is of interest, is that & is a
running coupling. At low probe energies, where @ —1/137.036, R=5.853-b-L,. However,
this is just the apparent radius relative to the low probe energy. If one were to probe to a regime
where o becomes large, say, of order unity, @ =1 then R=2L, is quite close to the Planck
length of Wheeler’s geometrodynamic vacuum “foam.” [10] at §43.4, [12]* Since we have based
the foregoing on a unit charge with spin %2, and since this is independent of the mass, the
foregoing would appear to characterize the compactification radius R for all of the charged

leptons, and to provide a geometric foundation for intrinsic spin. This suggests that for & =1 or

on the order of unity, the compactification radius of the fifth dimension may become

" By way of review, the Planck mass, defined from the term atop Newton’s law as a mass for which GM Pz =fc,

is thus M, =/ hc/ G . In the geometrodynamic vacuum, the negative gravitational energy between Planck
masses separated by the Planck length L, = 4/ Gh/ c’ precisely counterbalances and cancels the positive energy of

the Planck masses themselves. The Schwarzschild radius of a Plank mass R =2GM ,, /c*=2 Gl’l/c3 =2L,.



synonymous with the Planck length itself, or the Schwarzschild radius of the vacuum, or
something close to one of both of these.

While (4.2) applies generally for a compactified spacelike fifth dimension, before
proceeding too far with this intrinsic spin interpretation (4.3), however, it is worth noting that for
a neutral body, g =0, such as the neutrino, we have d¢/d7 =0, and so there is no fifth-
dimensional rotation. More generally, any electrically-neutral body must be considered to be
non-moving through the x° dimension, dx’ = 0. This would suggest that the neutrino has no
intrinsic spin, which is, of course, contradicted by empirical knowledge. So, (4.3), while
intriguing, does need to be studied further. Also, the intrinsic spin interpretation (4.3) suggests
conversely, that any elementary scalar particle which has no intrinsic spin, must be electrically

neutral. This is, in fact, true of the hypothesized Higgs boson. [13]

5. Symmetric Gravitation and Antisymmetric Electrodynamics

Now, following the brief digression in section 4, let us turn back to the association
s = ib;F # in (3.3), which arises from the requirement that the Lorentz force be represented
as geodesic motion in five dimensions. We know that F*" = —F" is an antisymmetric tensor.
By virtue of (3.3), this will place certain constraints on the related Christoffel connections
™5t =1 g™ (g, 51+ gras — 8514 )> and it is important to find out what these are. These
constraints, in the next section, will provide the basis for placing Maxwell’s equations onto a

purely geometrodynamic footing.

First, because we are working in five dimensions, we will find it desirable to generalize
F* to F™. We make no a priori supposition about the additional components in F™ | other

than to require that they be antisymmetric, F™ =-F™ . Any other information about these
new components is to be deduced, not imposed. Second, we generalize (3.3) into the full five

dimensions, thus:

sy = LhxF™y. (5.1)

By virtue of (2.8), I'“ss =0, we may immediately deduce that:

s =LbkF*“s =0. (5.2)



As it stands, F™s is a mixed tensor, and it would be better to raise this into contravariant

form where we can clearly examine the consequences of having an antisymmetric field strength

F™ = —F™  Thus, let us now raise the lower index in (5.1), and at the same time equate this

to the Christoffel connections, as such:

MA YN

EhaFMN = Lhrg™ FMy = g™ sy =L g™ ¢™ (g, 05 + 8ya s — Zsx.n ) (5.3)

Now, we use (5.3) to write F™ =—F™ completely in terms of the metric tensor g,,, and its

first derivatives, as:

%bKFMN = _%bKFNM = gMAgZN (gAS,Z + 8y _gSZ,A): _gNAgzM(gAs,z +8ras _gSZ,A)'(5-4)

Renaming indexes, and using the symmetry of the metric tensor, this is readily reduced to::

MX TN :0

8 8 8rxs (5.5)

This is an alternative, geometric way of saying that F™ = —-F™

We can further simplify this using the inverse relationship g™ g ="z, which we can
differentiate to obtain (g™ gy ),A =g N Agm +8 8a=0,ie, g7 8gws=—8 A&y . This

can then be used with A =5 to reduce (5.4) to the very simple expressions, for both the

covariant and contravariant metric tensor:

gMN’S =0; EMN,5 =0. (5.6)

This states that all components of the metric tensor are constant when differentiated with respect

to the fifth dimension.

Now, we return to write out I['*ss =1 g** (gAi5 +8sas5— gss,A): 0 from (2.8), see also
(5.2). Combined with gy =0 above and g™ g, , =—g " .agqy we further deduce that:

§5A=0; g5, =0 (5.7)

This means, quite importantly, that g.; =constant and g>° = constant , everywhere in the five-

dimensional geometry.

10



To fix these constant values, consider the weak-field limit g,y — 77, - If the fifth
dimension is timelike, diag( W)z (+ 1,—1,—1,—1,+1) and g = g55 =+41. Ifitis spacelike (briefly
explored regarding intrinsic spin in section 4), then diag(f]MN) = (+1,-1,-1,-1,-1) and
gss =g> =—1. But, by (5.7), if the above expressions for g.; and g* are true anywhere, then

they are true everywhere. Therefore:

8ss = g55 =+1,0r g, = g55 =-1, (5.8)

respectively, for a timelike or spacelike fifth dimension. In either case, timelike or spacelike,
g7g,s=1. Theinverse g g;s=g"g.s+8 gs=8" g, +1=05"5 =1 then leads also to the null
condition:

¢Pg. =0, (5.9)

which applies irrespective of the timelike versus spacelike choice.

Finally, using (5.1) together with (5.6) and (5.7), we may deduce:

LbKF s =Tss =1 g% (g 55 + 85as — 8554 )=0. (5.10)

Taking this together with (5.2), I'ss = ib;F #5 =0, we have now deduced that all of the newly-
introduced fifth-dimensional components for the mixed field strength tensor are zero, i.e.,

LpxFMs =TV =0. (5.11)

The free index in F™s =0 above can easily be lowered to also find that the covariant:

Fs=—F,, =0. (5.12)

But, since the ordinary spacetime components of F*, are non-zero, one should take care to

ensure that the contravariant tensor components F'° =—F>™ =0 as well, that is, we want to

make sure that the fixed index “5” in (5.11) can properly be raised. One can employ (5.1)
together with the explicit components for I''sy to write:

M= gENFME = gzNFMSE :%gZNgMA(gAs,z t 8sas _gSZ,A)‘ (5.13)

11



Expanding this to separate the & from the 5 components, and applying (5.6), (5.7) and (5.9) as
needed, together with F™ =—F™ to eliminate the only term which (5.6), (5.7) and (5.9)
cannot directly eliminate, one can indeed deduce that in addition to (5.11) and (5.12):

F™ =—-FM=0. (5.14)

Now, the free index can be easily lowered, referring also to (5.1), to find that:

LhF iy =D = ys =0, (5.15)

ie., F°u =0. So, we find that all of the newly-introduced fifth-dimensional components of the
field strength tensor F MN " whether in raised, lowered, or either mixed form, are equal to zero.

Equations (5.11), I™ss =0, and (5.15), I°sm =Ims =0, taken together, tell us that as well, the
“rule” that any Christoffel connection with “two or more fifth-dimension indexes,” is also equal

to zero.
Combining (5.1) with F* =—F>" =0 as well as F,,; =—F,,, =0, we may deduce two
further relationships:

g M5y =—gP Ty =0 and g [Mss =—go, [ Vst =0, (5.16)

which are variations of the “two or more fifth dimension index” rule noted above.
It is also helpful as we shall soon see when we examine the Riemann tensor, to make note

of the fact that:

Myrs = %gMA~5 (gA)Z,T t8rax ~8rra )+%gMA (gAE,T,S t8raxs ~8sras ) =0. (5.17)

This makes use of (5.6) and the fact that ordinary derivatives commute. A further variation of

(5.17) employs (5.1) to also write, for the field strength tensor:

™ses =LbxFMys =0. (5.18)

i.e., FMs5=0. Lust like the metric tensor, all components of the field strength tensor are
constant when differentiated with respect to the fifth dimension.
Again, at bottom, every result in this section is a consequence of relationships (5.1) and

(5.2), taken in combination with the antisymmetric field strength F™ =—-F™_ Now, we have

the tools required to turn to the Riemann tensor, and to Maxwell’s equations.

12



6. Maxwell’s Equations as Pure Geometry

We have shown how Lorentz force motion might be described as simple geodesic motion
in a five-dimensional Kaluza-Klein spacetime geometry. But equations of motion are only one
part of a complete (classical) field theory. The other part is a specification of how the “sources”
of that theory create the “fields” originating from those sources. In a complete theory, the
equations of motion then describe motion through the fields originating from the sources. It is
now time to place Maxwell’s equations on a firm geometric footing.

In five dimensions, we specify the Riemann tensor in the usual way, albeit with an extra

fifth-dimensional index. That is:

R*svn = =T pmn + Tnom + TopnI om — Topmlsn 6.1)

Now, let’s consider the M =5 component of this equation, that is:

R*sn =T ssn +Tens + T ss —TpsT v (6.2)

By virtue of M™srs =0, equation (5.17), which is in turn a consequence of gy s = 0,

which is in turn a consequence of FMY =—F™ | the second term zeros out, and (6.2) becomes:

R*ssn =—T"gsn +"n[P5s —[psTsx . (6.3)

Substituting (5.1), i.e., ™y = ib;F My into the above, and with some minor term
rearrangement, we immediately arrive at the very critical expression:

R%psn = —%b;'(FAB,N +T s F % — FEBNFA):): —%b;’FAB;N . (6.4)

In particular, these three remaining terms of R*gsn turn out to be identical with the expression
for the gravitationally-covariant derivative F*sx of the mixed field strength tensor, times the
constant factor — %b;. This leads us immediately to a geometric foundation for Maxwell’s

equations in the following way:
As regards Maxwell’s electric charge equation, we contract (6.4) down to its Ricci tensor

component Ry, and define a five-current J, with covariant 5-space index:

Ry =R%pss = —%b;‘(FEB,E +T e F s - FTBEFET): —%b;‘FEB;E = —%b;'JB . (6.5)
Now, we separate this into the two equations as such:

13



Ry = —ib}(F"ﬁ,a + T F p— T peF e )= —4bKF o = —ib;fﬁ’ and (6.6)
Rss = _%b;’(FES,E +T e Fls — FTSEFET): _%b;‘FES?E = _%b;‘JS’ 6.7)

In (6.6), note that because F’r =0 and 15 =0 (see 5.15), we can easily drop the X, T indexes
downto o,7. In (6.7), however, we leave F %+ as is because as we shall note in a moment, this
term is not zero.

In (6.6), we discern the four-covariant derivative F%p6 = Fpo+1wF 3 -1 psF ¢,
which is what allowed us to drop F* sz to F%ss. This means that J s=F ?s.c is the observed

electromagnetic current source density, with covariant index. This is Maxwell’s electric charge
equation, on a geometric foundation.

For the fifth-dimensional component R, in (6.7), we can use F's =0 to eliminate the
first two terms inside the parenthesis, but the third term is not zero. For the third term, we again

employ the substitution T'™sy = %bZ‘F My from (5.1). Thus:

Ry=-Lb’k FTF, =—L1bxF*ss =—LbKl,. (6.8)

16

In the above, we have used F'sF*r=F " F,, =-F" F,, =-FF,_. Note, that we raise and
lower indexes while they are five-dimensional, then we reduce to lowercase Greek indexes via
F¥ =F,,=0.

Now, we begin to notice a significant result: Despite the F*syz = F%s.s + F’s;s term in
(6.8) containing components of a mixed tensor which vanish in their own right, namely F*s =0,

this term for R, is not equal to zero, and so, F *ss #0. Rather, we find that the covariant
derivative term F”sy = F%s.0 + F’ss 20 does not vanish even though F*s =0, and in fact,
leaves a very central term F°°F__ found in the QED free-field Lagrangian

oo (rreey =~ 5 F T F,, and in T*y yaxwen = —(F‘“’Fw7 —%5”VF‘”FM), the Maxwell stress-energy
tensor in Heaviside-Lorentz units. One may think of F*ss = ib;F 7F_. #0 as being

“gravitationally induced” out of F*s =0, solely as a non-linear gravitational effect, because in

the absence of gravitation, covariant derivatives approach ordinary derivatives and so

14



F¥sz — F*sy =0. This induced term originates from the final term —I'"smI™ v of the
. A . . ) A L T 1127258 T .
Riemann tensor R"pmn, via the progression I NI sm — 1751l 55 = 6"k F™1F 'x, starting

from (6.1), and using I'syz = %b;FMz from (5.1).
So, the upshot of (6.8), is that the fifth component of the five-covariant current source

is not zero despite F™s =0, is

density in a five-dimensional spacetime, Jg = F sz = ibEF “F,,
gravitationally-induced from the term I nI™sum in the Riemann tensor, and carries the F7F,,
scalar which is central to QED and the Maxwell stress-energy tensor and which, in the free-field
Lagrangian density, represents the kinetic energy of a photon.

Turning now to Maxwell’s magnetic equation, we first lower the A index in (6.4),

A .
Royvs = 8uaR 785, and use R,y = Ry tO write:

Ry = —2b&(gyu F o + gyn T on F 75 — gy Toon F s )= =L big o F oy = —LbkFy . (6.9)

Maxwell’s magnetic equation then arises straight from the 5-dimensional rendition of the “first”
Bianchi identity:
Rynap + Ruasn + Rypna =0 (6.10)

Making use of (6.9), the M =5 component of this is:

Rsxap + Rsppn + Rspaa = _%bK(FAB;N + FBN;A + FNA;B): _%bK‘(FAB,N + FBN,A + FNA,B): 0, (6.1D)

where we account for the well-known fact that in the cyclic combination of (6.11) with
antisymmetric tensors, the Christoffel terms in the covariant derivatives cancel identically, so the
covariant derivatives becomes ordinary derivatives. In the NAB =vaf subset of this, we
immediately obtain Maxwell’s magnetic equation

Fog, +Fp o+ F,;=0. (6.12)

v, va.

In light of our earlier having found some new terms in Maxwell’s electric charge

equation arising from the fifth dimension, see, e.g., the R, equation in (6.8), one may ask

whether there are any additional electrodynamic terms of interest in the (6.11) above, in the

circumstance where more than a single fifth-dimensional index is employed. Because
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R, pvin = Rynas = —Rpamn » 1t 18 clear that with more than two fifth-dimensional indexes, e.g.,
Ry, . (6.11) will identically reduce to zero. But we should explore whether there is any

additional electrodynamic information to be gleaned when exactly two fifth-dimensional indexes

are used in (6.11). Thus, we may examine, say:

Rsspp + Rspps + Rspsp = _%bK(FAB;S + FBS;A + FSA;B): _%bK(FAB,S + FBS,A + FSA,B): 0. (6.13)

We learn from (6.8), especially F ‘s = %bEF “"F_. #0, not to automatically eliminate a field

strength term such as F°s when it appears in a covariant derivative, i.e., F’ss. However, the
migration of covariant to ordinary derivatives in the cyclic combination of (6.11) removes this

complication. We know from (5.12) that F,, = F;, =0, so their the ordinary derivatives of these
will vanish as well. The remaining F,; 5 = (gA):F):B )’5 = gA):’SF):B + g, F s =0 in (6.13), by
virtue of (5.6), g,y s =0, and (5.18), F¥5s5 =0. Thus, (6.13) is identically equal to zero, not

only because of the Bianchi identity, but because of the inherent properties of the F,; and g,;

developed in section 5. Thus, there is no additional electrodynamic information to be gleaned
from (6.13).
We have now placed each of Maxwell’s equations on a solely geometric footing.

Maxwell’s source equation in covariant (lower index) form is specified by (6.6), namely,

Rys = —%b%] 5= —%b;F ? .0 . The fifth component of this source equation, (6.8), contains the

very central term £, f,.., =~ F” F,,, which is central to QED and to the Maxwell stress-

energy tensor. Maxwell’s magnetic equation is simply a fifth-dimensional component (6.11) of

the first Bianchi identity Ry, g + Ryapy + Ryena =0 . And, the Lorentz force equation (2.6),

upon which the foregoing geometrization of Maxwell’s equations is based, is merely the

equation for four-space geodesic motion in the five-dimensional geometry,

d’x* dx”™ dx" . . . . .
1 + st 7 de =0, (2.4). With source equations producing fields and with material
T T dt

bodies in those fields moving over geodesics that are identical to and synonymous with the
Lorentz force, Maxwell’s classical electrodynamics with the Lorentz force law now rests on the
firm geometrodynamic footing of a five-dimensional Kaluza-Klein geometry. Now, let’s turn

our efforts toward deriving the energy tensors and scalars associated with the foregoing.
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7. Calculation of the Five-Dimensional Curvature Scalar

We begin discussion here by deriving the five-dimensional Ricci curvature scalar
R = R"s = R+R’s, where the ordinary four-dimensional curvature scalar R =R,. We’ll start
with Rs.

In (6.5), we have already found R;,. So, all we need do is raise the index using

RMs = "Ry, =—Lbkg " F oy =—1bxF ™y =—1bxJ™ ie.,

RMs =—1bkF™; = —Lbi(F™; + T F™ + T P> )= —Lp ™, (7.1)

1

and then take the M =5 component. Above, we simply employ the definition of the covariant
derivative of a second-rank contravariant tensor, particularly, of F M

Now, we separate (7.1) into:
R*s =—LbkF % =—Lbk(F* o + T F¥ +T*F™ )= —LbiJ*, and (7.2)

R’s =—1pkF™ 5 = —Lbi(F™ s + T* o F™ + D ™ )= —Lpi ™. (7.3)

R Y

In the former equation, (7.2), we employ the same set of reductions used in (6.6), and we see that

R*s contains the contravariant current source density J* = (p,J wod 20 3 ) In (7.3), the first

two terms can be eliminated because F' =0, so with suitable upper-to-lower-case reduction of
Greek indexes also via F™> =0, we have:

R’s =—1bxF™y = —1bxI°wF ™ =—L1bxJ’. (7.4)

While (5.1) tells us that sy = %b;F My, this is the first time we have had to work with Iz,

and because [ =", this cannot be related directly to F,, =—F__. So, let’s find out where
the F?'F__ term comes in.
Another way to arrive at (7.1) from (6.5) is to write:

RMs = g™ R, =—Lbi(g"* F s + g™ T F s — g™ 5o For )= —LbxF ™ =—Lhxs ™, (7.5)

which merely entails using the g™ to raise the indexes in a five-covariant manner. This

equation is identical to (7.1), just in a different form. The M =5 component is then:
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R's =—1biclg P (FOpo + TwF s — T3 F: )= g T 50 F s )= =L bkF ¥ s =—1bkJ°,  (7.6)

R

where we again use suitable F T3 = 0 -based reductions, and have also expanded the final term

— g""T'"ss F¥1 in (7.5) into its spacetime and fifth-dimensional parts. Contrasting with (6.6), we
see that Fpo+ 1w F 3 =T poF'°r = J 5 is simply the lower index current density J,. And, in
the remaining term, we may now employ the (5.1) substitution I'"sz = ib;F 's. So, (7.6) now

becomes:

R's=—Lbxl(e* ), + g5 LbkF ™ F, )= —1brlg ] , + ¢°1,)=—LbKg™ ), =—LbxJ®,  (1.7)

using J, = ibE‘F"’Fm from (6.8), and F'sF*r = F"F, =—F" F,, =—F“F__ from following
(6.8). So, simply put, R’s also contains the F” F,_ term, but it arises from the raising of the
index in g>®J, =J7, and so contains the term combination P 5t g” %b;F “F_ . Ttalso

helps to see J° directly as:

I =g, + 8% LbkFF,,, (7.8)

This expression (7.8) will play a central role in the section 10 derivation of the Maxwell tensor.

Returning to compare (7.4) and (7.7), this also means that:

CwF7 =g, +g% LbkF, F. (7.9)

So, now we have all the ingredients needed to write out the five-dimensional curvature

scalar R =R+ R’s, leaving R as a remaining unknown still to be deduced. Using (7.7), we
simply write:

Ry =R+R’s=R—-1g b’k FTF, —1bxg*J . (7.10)

The four-dimensional Ricci scalar R = R° is still an unknown in (7.1). Now, let us see

if there is a way to deduce R.
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8. The Einstein Hilbert Action, and Derivation of the Energy Tensor and the Ricci Tensor,
from Five-Dimensional Variation

At this phase of development, we are at a juncture: Up until this point, all of the
development has been based on a single supposition introduced just after (2.6): the requirement
that the Lorentz force must be represented as nothing other than geodesic motion in a five-
dimensional geometry, as implemented through (2.7) and (2.8). Other than perhaps our
imposing the requirement that F™ = —F™ every step taken since then has been fully
deductive, with no other assumptions. We have even left open the question of whether the fifth
dimension is timelike or spacelike, simply exploring the consequences in the alternative, as

pertinent. This has enabled us to place Maxwell’s equations, deductively, on a fully geometric
footing, fully specify the fifth-dimensional components of the Ricci tensor R™s, and obtain the

five dimensional Ricci scalar R, ., , but only up to the four-dimensional scalar R = R° s, which

5)°
still stands out as undetermined. Determining R, would give us a window into R*,, and this in

turn into the remaining 7%, components, among which, one would expect to find the Maxwell
stress energy tensor, which would be a final check on the validity of this entire path of
development. So, we need to find R. To deduce R, we must now, finally, make a new
supposition beyond that of Lorentz force geodesics, which we do as follows:

Some theorists, particularly those who have adopted the so-called “Space-Time-Matter”
view [4], seek the derivation of Einstein’s equations out of a five-dimensional Riemannian
geometry without the introduction of explicit matter source terms. There are perhaps several

ways to frame this objective: the one we shall choose here, as set forth in the introduction, will

be to employ an Einstein-Hilbert action of the general form § =5 I RdAV , omitting any source

term £Matter 4

which is to say, not using an action § = .[ (5 R+ £, )dV . We do this is as

follows:
Let us now posit that the action of the five-dimensional Riemannian geometry that we
have been exploring herein, is to be defined over the four-dimensional spacetime of our common

physical experience, in the form:

S(gun) =2 [RoaV = [ (L R+ R )V . (8.1)
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This is a completely geometric definition of the action, without any explicit source term, of the
general form § =5 I RdAV , but in which R is replaced by the five-dimensional scalar
=R"s.

R(S)

Now, although there is no explicit source term in (8.1), the R’s component serves the role
of an implicit source term, because if one contrasts (8.1) with § = .[ 3= R+ & ier )dV , we see
that one can associate:

S(gun) =2 [RoaV = [(LR+ AR )V = [(LR+ 2

Matter

)av . (8.2)

Then, employing R’s = —%b;gSBJ B = —%bZ‘J > from (7.7), we have now effectively defined:

£Matter = 2_11(R55 = _S_II(b;'gSBJB = _S_II(b;'gMNé‘SNJM = —#b;tls (8 3)
= —S—I,Cb;'(gsﬁ.]ﬁ +1 gSSbK'FmF ) .
Referring to the old adage that R“, —1 8 R is made of “marble” but T*, is made of “wood”,

the defining of £, ., = #RS s allows us to fashion a 7%, or “marble” as well, because R’s is a

atter
completely geometric object.
Now, we can use variational principles to immediate calculate the energy tensor.

Specifically, the variation of the 5-dimensional metric tensor determinant g s, is specified by

1 0y=8s _ 1
I_ g(s) é‘gMN

term £Matter

TMN =_ 2 a(R£Matter) — _2 Matter £Marre; (8 4)

wn - The 5-dimensional energy tensor may be defined from the matter

according to: (See [6]):

R 5gMN 5gMN + 8&mn

Then, we simply substitute the five-geometry-based £,,

atter

from (8.3) into the above, thus:

KT\ = (%b;é‘SNJM)_%gMN (%b;gSBJB): %b;ﬁsN]M _égMNb;‘]S’ (8.5)

which in mixed form may be rearranged into:

_KTMN:( ingSNJM)_% MN(_%b;gSEJE)’ (8.6)
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We note from (8.5) that the four-dimensional energy tensor 7, =—¢ g ﬂvb;gs BT, is
symmetric, T, =-T,, with & >4 =0, but that the fifth-dimensional components T, appear to be

non-symmetric, because 8°xJ,, # 8 mJ . There are two possibilities: either the fifth-
dimensional components 75y # Ty, or we will need to take steps to make this tensor symmetric.

We defer this for the moment pending a bit more development.

First, the five-dimensional trace energy from (8.6) is:

KT = KT s =—3-1bxg™J, (8.7)

Note that the % factor arises because with an extra dimension, 8~z =5. If we now consider the
Einstein equation in five dimensions as — kT "'~ = R™x —18™xR,,, , then this contracts down to

kT 5, =5 R s, . Therefore, from (8.7) we deduce:

Ry =—1bxg™J,. (8.8)

(

Finally, from the inverse equation R™x = —K(TMN -2 '%5MNT(5) ) , we use (8.6), the factors
2.2 =1 cancel out, and we arrive at:

RN =—1bxg™J,,. (8.9)

In retrospect, (8.8) and (8.9) could have been gleaned directly from (8.6), which was
written suggestively for that very reason. However, it is useful to confirm that this works via the
use of the inverse filed equation, even with the extra dimension. Lowering the upper index in

(8.9), we obtain the covariant:

Ry =—1bx6°xJ . (8.9)

which also in non-symmetric in the fifth-dimensional components R,y # Ry, just like the

energy tensor, contrast (8.5). However, what we also deduce from (8.9) is that the covariant

curvature tensor:

R, =-1bKks%J, =0, (8.10)

i
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thatis: R,, =0. The &°~ which first made its appearance in (8.3) and (8.5), is effectively a

“screen factor” which shuts all four-dimensional components of the covariant Ricci tensor R,

down to zero.

Although Rﬂv =0, this is not so for T

uv

because by (8.5) and (7.8):

KT,, =—4bKg,,J° =—Lbg,, (g7, + ¢® LbkF™F,,), (8.11)

which, one ought note is symmetric in four dimensions.

Finally, we set out at the beginning of this section to deduce the ordinary Ricci scalar R.
Combining (7.7) with (8.8) we may write R = R+ R’s =R —%b;gsz.lz = —%b;gsz.lz ,l.e.

R=0, (8.12)

which is also consistent with (8.10). However, the trace energy is not zero, but from (8.11), is:

KT ==L bis® ==L bilg™ 1, + g LbkFF,). (8.13)

The derivation in this section made use of a five-dimensional variation, i.e., a variation
using dg™ . In section 10, we shall see how a four-dimensional variation dg*" leads to the
Maxwell stress energy tensor. But first, we pause to examine the non-symmetry of the fifth-

dimensional component of the Ricci tensor, R # Ry, and the energy tensor Ty # Ty .

9. A Non-Symmetry Ricci Tensor for the Fifth-Dimensional Components?

What are we to make of the fact that R, # Ry, and Ty # Ty in section 8 above? Itis
helpful to trace the origin of this non-symmetry, which we can do by directly examining the
definition of the Riemann tensor (6.1), together with T'™sy = %b;F My form (5.1).

From (6.1), let’s specifically examine

Ry = R%sa =—T"psa + T 8as + T al 55 — [FpsT5a 9.1)

and contrast this to the reverse-indexed:

Ry = RAspa =—T"spa +Tsap +Tsal*sp =755 54 . 9.2)
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The first and fourth terms are clearly identical, because g5 =Isg. The third terms are also
identical if one renames indexes. However, the second terms in this instance are not the same,
and specifically:

IMpas =T BsaA . (9.3)

Here, (5.17) causes I"*sas =0 because gMN,s =0; 8Mmns = 0, see (5.6), and this in turn, is

because FM =—F™ ie., because of the antisymmetric electromagnetic field tensor. On the

other hand, via (5.1), Ipsa = %b;F A5.a, which is most certainly non-zero as a general rule, and
which contains part of the lower-index current density J, = F .

What we discussed above contrasting (9.1) and (9.2) has long been known, and is the
precise problem that Einstein pointed out in [14], see his contrast of equations (4a) and (4b). It
has also been noted that “starting with a general (though still symmetric) connection allowed
Eddington — and Einstein following him in 1923 — to obtain a non-symmetric Ricci tensor, the
antisymmetric part of which could then be taken as a representation of the (antisymmetric)
electromagnetic field tensor.” [15] Given the foregoing, we shall accept the non-symmetric

R # Ry and T, # Ty5 as is, and not attempt to make these symmetric in the N5 indexes.
That is, we shall take R,y # Ry and T, # T uncovered in the previous section as an

indication that in nature, wherein Maxwell’s electric charge source equation is effectively
represented along those fifth-dimensional components, (see sections 6 and 7) the fifth-

dimensional components of R, and 7,,, are non-symmetric.

Therefore, we return to (8.9), which we redefine in the opposite manner as before,

reversing M and N, as follows:

Ry =—1bKx6°NJ (9.4)

We do this so as to be consistent with the results in section 6. Thus, from (9.4) we find, just as in

(6.6) and (6.7), respectively, that:

Ry, =—1bxsJ, =—LbxJ,. (9.6)
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However:

Ry =—1bk8’sJ5 =0, (9.7)

which demonstrates explicitly the non-symmetric character of Ry # Rys. The fifth “column”
R of the covariant Ricci tensor contains the Maxwell source charge current density, while the

fifth “row” Ry, is zero.

10. Derivation of the Maxwell Stress-Energy Tensor, using a Four-Dimensional Variation

In section 8, we derived the energy tensor based on the variational calculation (8.4), in
five dimensions, i.e., by the variation dg™ . Let us repeat this same calculation, but in a slightly
different way.

In section 8, we used (8.3) in the form of &, = —8—1,(b;g5BJB = —éb;gMNé'SMJN ,

because that gave us a contravariant g™ against which to obtain the five-dimensional variation

08,1 9™ . Let us instead, here, use the very last term in (8.3) as £,

atter °

writing this as:

S =2 R's == biclg ™), + 1 g bkF 7 F, ) =~ bl 6%, ++ ¢ g™ bKF, F,,).(10.1)

It is important to observe that the term g°*J 5 1s only summed over four spacetime indexes. The
fifth term, g»J, = < g7 bxF F__, see, e.g., (6.8). For consistency with the non-symmetric (9.4),
we employ gsﬁ.lﬁ = g""6°vJ, rather than gsﬁ.lﬁ = g""8°,J,. By virtue of this separation, in
which we can only introduce g and not g™ as in section 8, we can only take a four-

dimensional variation 0%,,,,, /dg"", which, in contrast to (8.4), is now given by:

T =— 2 a(\/%£Matter) =-2 5£Matter £Matter X (102)

14 v V+gl/
e & &

Substituting from (10.1) then yields:

T bRl LR )L, bRl 4 R, 103

uv
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Now, the non-symmetry of sections 8 and 9 comes into play, and this will yield the Maxwell
tensor. Because 0°, =0, the first term drops out and the above reduces to:

KT, =1brlt g™biF, F, )~ Lg,, tbrlg T, +1 g “bkFF,,). (10.4)

u 4

One again, the screen factor o °, =0 is at work. In mixed form, we rewrite this as:

—KT*, =—LbklL ¢ bKF*F,, )+ 16" Lbrlg™ ) , + 1 ¢ *bKFF,,). (10.5)

Purposely leaving constant factors separated, the trace equation is then:

KT =R=—21bxg" ] ,—Lbrlt g bxF 7 F, ). (10.6)

and so, via the inverse equation R*, = —xT*, + 8“, kT , from (10.5) and (10.6):

Ry =—1bilt g¥bxF#F,, )+ 1 6%, Lbxl-3¢" , ~ 1 g"bkF7F, ). (10.7)

Note that here, traceable to the lost term in (10.4) via 6°, =0, that one cannot simply glean R,

from (10.5) as we were able to for (8.9). It was necessary to use the full inverse field equation
R*, =—xT*, + 8", kT . Now, we take the trace of (10.7) to obtain:

R=—61bxg” ], —3Lbrlt g bxF7F,.). (10.8)

Interestingly, this does not look to be the same as the trace in (10.6), yet these are the same. This

means that a further relationship must subsist. So, setting (10.6) equal to (10.8):

R=-21bxg* ], —Lbilt g“bkFTF, )=-61bxg* 1, — 3Lbxlt ¢ "bkF 7 F,,), (10.9)

we find after reducing, that:

g%, =—1{t e bkF7F, ), (10.10)

Now, we return to the energy tensor (10.5) and shift some terms to rewrite this as:

4T, = biclt gSbKF*F,, )~ 1 8%, bilt g bKF " F, )~ L 5" bxg™ ] . (10.11)

Then, we substitute g**J 5 from (10.10) into (10.11), and do some further rearranging, including

making use of ;2 =2x/hc, to obtain:
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126’(2 T =%th% - gSS(F’”FW —i&*‘VF‘”ij. (10.12)
bk

If we now set i=c =1 as well as:

b*=8 and g¥ =-1, (10.13)

then (10.12) now reduces, rather fortuitously, to the Maxwell stress-energy tensor:

T* =—(F*F, -18*,F"F, ), (10.14)

in the Heaviside-Lorentz units that we have been employing from the outset. The factor b
which we have employed all along is now determined to be b* =8. Further, because we have
deduced that g =—1 we no longer need to straddle between a timelike and a spacelike fifth

dimension: we have deduced that the fifth dimension must be spacelike.
We can then also derive the mixed Ricci tensor corresponding to the stress-energy

(10.14). We start with (10.7), substitute (10.10), and reduce, to obtain:

16R*, =0k (¢7F*F,, )+ 15 b°x (¢ FF,.). (10.15)

Clearly, this is also traceless, as it should be. Further use of ;2 =2x/#fic with h=c=1, and

b* =8 and g” =—1 from (10.13), then reduces to:

R*, =k(F*F, -15“,F"F, ), (10.16)

which is summarized by the traceless field equation — xT*, = R, , as expected.
Finally, in being able to derive the traceless equation (10.14) which among many things
tells us that electromagnetic energy propagates at the speed of light, we have solved the essential

riddle which concerned Einstein in [16], see equations (1) versus (1a) and (3) therein, which was

10",R which contains a non-

to find a compatibility between the field equation — xT*, = R*, —
zero scalar trace, and (10.14) and (10.16) above which are scalar-free. More fundamentally,
since (10.14) was derived by rigorously applying the field equation — xT*, = R*,» —10*/R, we
have demonstrated that Einstein’s equation, which one ordinarily applies to trace matter which

can be placed at rest, is also fully compatible with, and is indeed the foundation for, the energy

tensor of traceless, luminous electromagnetic radiation.

26



References

[1] Kaluza, T., On the problem of unity in physics, Sitzungsber. Preuss. Akad. Wiss. Berlin. (Math. Phys.)
966-972 (1921).
[2] Klein, O., Quantum theory and five dimensional theory of relativity, Z. Phys. 37 895-906 (1926).

[3] See the Introduction at http://astro.uwaterloo.ca/~wesson/.

[4] See the Members page at http://astro.uwaterloo.ca/~wesson/.
[5] Wheeler, J. A., Geometrodynamics, Academic Press, pp. 225-253 (1962).

[6] A good discussion of the Einstein-Hilbert action is found at http://en.wikipedia.org/wiki/Einstein-

Hilbert action.

[7] Billyard, A., Wesson, P.S. 1996. Gen. Rel. Grav. 28, 129.

[8] Bars, 1., Survey of Two-Time Physics, http://arxiv.org/abs/hep-th/0008164 (2000). See also
http://www.physorg.com:80/news98468776.html.

[9] Matsuda, S., and Seki, S., Gravitational Stability and Screening Effect from D Extra Timelike
Dimensions, http://arxiv.org/abs/hep-th/0008216 (2000).

[10] Misner, C. W., Wheeler, J. A., and Thorne, K. S., Gravitation, Freeman (1973).

[11] Sundrum, R., TASI 2004 Lectures: To the Fifth Dimension and Back, http://arxiv.org/abs/hep-
th/0508134 (2005).

[12] Wheeler, J. A., On the Nature of Quantum Geometrodynamics, Annals of Physics: 2, 604-614
(1957).

[13] The author thanks and acknowledges Daryl McCullough of Ithaca, New York for pointing out some

of these implications of this intrinsic spin interpretation in an online discussion.

[14] Einstein, A., Relativistic Theory of the Non-Symmetry Field, in “The Meaning of Relativity,” Fifth
Edition, (1956), pp. 133-166.

[15] Ashtekar, A. et al., Revisiting the Foundations of Relativistic Physics, Springer (2003).

[16] Einstein. A., Do Gravitational Fields Play an Essential Part in the Structure of the Elementary
Farticles of Matter, in “The Principle of Relativity,” Dover (1952).

27



